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ABSTRACT 

The purpose of this paper is to introduce the concepts of fuzzy rough homotopy and fuzzy rough sheaf group. 
In this connection, some interesting properties of fuzzy rough sheaf are discussed. 
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1. INTRODUCTION 

The concept of fuzzy set was introduced by Zadeh [10]. Fuzzy sets have applications in many fields such as 
information [8] and control [9]. The theory of fuzzy topological spaces was introduced and developed by Chang [3] and 
since then various notions in classical topology has been extended to fuzzy topological spaces. Pawlak [7] introduced the 
concept of rough set. R. Biswas and S. Nanda [2] defined the notion of rough group and rough subgroup. S. Nanda [8] 
introduced the concept of fuzzy rough set. In this paper, the concepts of fuzzy rough homotopy and fuzzy rough 
topological groups are studied. In this connection, some properties of fuzzy rough sheaf are established. 

2. PRELIMINARIES 

Let U be any non empty set and let 2 be a complete subalgebra of the Boolean algebra P(U~) of subsets of U. 
The pair (U.. 2] is called rough universe. Consider a rough set X = {X L ,X U ') E J' with X L c X u . 

Defnition 2.1. [6] A fuzzy rough set A = A h .^ in X is characterized by a pair of maps A L : X L -> I and A- h - : X u 

-* / with A. L (x) < Afj Or} for every * e X g . The collection of all fuzzy rough sets in X is denoted by FRS(X). 

Defnition 2.2. [5] Let A = (Ai ., A-J] be a fuzzy rough set in X. Then the complement A' of A is defined by ordered 
pairs {A' L , A'-^"} of membership functions where A[ (xi =1 A L (jc) and A' u 0f3 = 1 — A^Gr) . 

Definition 2.3. [5] Let (V, 2) and (V L , 2 L } be two rough universes /: (V, 2} -» (V L , 2 L ). Let A = (A L , A^} be a 
fuzzy rough set in X. Then Y L = f(Xi~) and Y n = f(X u ). The image of A under/, denoted by /GO = (/C4 L ), f(A-J)) is 
defined by f(A L Xy) =v{A L (x):x E X L fl/- 1 ^} for every y E Y L and /U(,)(y) =v[A u (x>:s E X u n for 
every ye Y u . Let B = (B L , B^O be a fuzzy rough set in Y where Y = fjf L , Y u } E S[ is a rough set. Then 
X=f~ L (Y')e 2f, where X L = /" 1 (1 7 L >, X u = / -1 (Y [? ). Then the inverse image of B under /, denoted by 
/-'fe} = (f- 1 GB 1 )./'~ 1 CB ff )) is defined by /^CBjGO = Bj.C/005 for every x E X L and /"H^Xs) = « ff CfC*)) for 
every x, £■ X a . 

Definition 2.5. [5] The null fuzzy rough set and whole fuzzy rough set in X are defined by (3 = (O^OlO and 
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3. PROPERTIES OF FUZZY ROUGH HOMOTOPY 

Definition 3.1. A fuzzy rough topology on a rough set X is a family T of fuzzy rough sets in X which satisfies the 
following conditions: (i) 9,1e7, (ii) If A.BeT, then ADBeT and (iii) If A: E T for all je / then U^ e; Aj E 7". 

The pair (X T~) is called a fuzzy rough topological space. Every member of T are called fuzzy rough open. The complement 
of a fuzzy rough open set is called fuzzy rough closed. 

Definition 3.2. Let X be a rough set. Let A = (Ai,A u '} be a fuzzy rough set in X. The set 
stcpp A L = {x E X L :A L (x) > 0} and stcpp A c = Of E X' : AyOc) > 0}. Then sitpp A = (stspp A L ,sitpp A u "j is called 
rough support of fuzzy rough set A. 

Definition 3.3. Let (X T) be a usual rough topological space. The collection 

T = {A: A is a fussy rough set onX and supj?;) E T} is a fuzzy rough topology on X, called the fuzzy rough topology 
introduced by T. (X f ) is called fuzzy rough topological space introduced by (X T~). 

Definition 3.4. Let (X T), {¥, S) be any two fuzzy rough topological spaces. A function /: (X. T) -* (.¥, S) is said 
to be fuzzy rough continuous if for each fuzzy rough open set W in S the inverse image /~ L (lV) is in T. Conversely, / is 
fuzzy rough open if for each fuzzy rough open set V in T the image f(V) is in S. 

Definition 3.5. Let (XT] and (Y,S) be fuzzy rough topological spaces and Of,T*]be usual topological space, 
Q, s) fuzzy rough topological space induced by (/.. s) topological space and f,g:(X,f) -* (¥,S) are fuzzy rough 
continuous functions. If there exists a fuzzy rough continuous function F: (X, T) X (I, s) — (¥,S) such that 
F U, 0) = /Of) and l) = for every x E X L ; fU, 0) = /U) and fU, 1} =5(1) for every* E X then F is 

called /mzzv rough homotopy from f to g and denoted by f — g. 

Note 3.1. £ always denote Euclidean rough subspace topology on / = [0,1] and then (I, i) denotes the fuzzy 
rough topological space introduced by the usual rough topological space (/, s). 

Definition 3.6. Let (X,T) and (¥,S) be fuzzy rough topological spaces and Of, T*3be usual topological space, 
(/, 5) fuzzy rough topological space induced by (J, s) topological space and f,g: (X,D ^ (¥,S~) are fuzzy rough 
continuous functions. If there exists a fuzzy rough continuous function F: (X TJ X (/, i~) — (¥,S) such that 
FOe, 0) = /Or) and FOe, l) = (x) for every * e X t ; FOc, 0} = /0t) and FOr, l) = 3 C*) for every * E X a and 
FOr, t) = /0c) = g(x) for every 1 E X Di E X L ; FOr, = /Of) = 5OO for every a: G E Xv tnen ^ is called /wzzy 
rough homotopy from f to g and denoted by / — g{rel X). 

Definition 3.7. Let 0V,T) be a fuzzy rough topological space and A c X. Then the fuzzy rough subspace 
topology on A is defined by T A = [B/A:B E 7}. The fuzzy rough subspace topology on A is denoted by T A and the pair 
(A, T A } is called a fuzzy rough subspace topology onCV, T) . 

Definition 3.8. Let X be a rough set and F <= X Then the /kzzy rough characteristic function of F is defined by 




I if IE F L , 
.0 if x £ F L . 



. The fuzzy rough characteristic function of P is denoted by 
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Property 3.1. Let (X, Tj and(y, S) be any two fuzzy rough topological spaces. Let A and B be the rough subsets 
of X. Let Xa ar, d Xs be two fuzzy rough closed sets in (X,f) and A U B = X. Let f:(A,T A ) - (Y,S~) and g: 
(B.. Tg) -f (y, S) be two fuzzy rough continuous functions. If /Una = flli*nff, 

then h:(XJ} ^ (Y,S) defined by 

{f(jdfarxeA L ff(x)foTXEA b . . . . . 

ft(j ° - for x £ B L and - lg(x-) for* £B U 1& * fuZZy r0Ugh contlnuous functlon - 

Property 3.2. The relation — (homo topic relative X c ) is an equivalence relation. 

Notation 3.1. The equivalence class of fuzzy rough homo topic relative to X c of /is denoted by [/]. 

Definition 3.9. Let /: iX,T) -* {Y ,S] be a fuzzy rough continuous function. If there is a fuzzy rough continuous 
f: iY,S) -* (X,T) satisfies the following conditions: (i) ff — i Y (ii) f'f — ix then /is called fuzzy rough homotopy 
equivalence. Further, if there is a fuzzy rough homo topy equivalence function between (X, T) and (Y,S), then these spaces 
are called fuzzy rough homo topy equivalent spaces or these are same fuzzy rough homo topy type and denoted by 
(XT) =* (V.S). 

Remark 3.1. The same fuzzy rough homo topy type equivalent spaces is an equivalence relation. 

Property 3.3. If (X f) and (Y,S) are fuzzy rough topological equivalent spaces, then (X T] and (.Y, S) are fuzzy 
rough homo topic equivalent spaces. 

4 FUZZY ROUGH TOPOLOGICAL GROUPS 

Definition 4.1. Let X be a non empty set and le (0,1]. If ^ -» / and :X a -» f defined by 

CO = In c - ^ for ever Y seX l and OO = L , „ ° D for every x E X u then = ,i£ > is 

called a /wzzy rough point on X. Here *d = (^Ot'^Du) is called rough support of P$ and A is called value of ■ 

Definition 4.2. Let (X T) be a fuzzy rough topological space. Let A = (A L , Ay] be a fuzzy rough set. Then A is 
said to be a fuzzy rough neighbourhood of a fuzzy rough point P£ a iff there exists fuzzy rough open set V = (V L , V u ~) such 
that^ G V L < A L and^ Du E V u < A n . 

Definition 4.3. Let A = (A ll ,A u '} be any fuzzy rough set and p£ a = (j^^,^ J be any fuzzy rough point. 
A fuzzy rough point is said to be fuzzy rough quasi coincident with A, denoted by Pj B qA (that is, P£ B qA\ L and 
^ Bu R A u) iff* e J tJ 1 + AiU) > 1 and * G A + A a (x) > 1. 

Definition 4.4. Let (X 7"j be a fuzzy rough topological space. Let A be a fuzzy rough set. Then A is said to be an 
fuzzy rough Q neighbourhood of iff there exists fuzzy rough open sets B such that Fj n qB and B £ A . 

Definition 4.5. Let (X*) be a rough group. If A,B E Fif5(^] and C, D are rough subsets of X, then 
A • B E FRSQO, A~ L = (At 1 , A; 1 ) E FRS(X~), C *D and C" L = (C^Cu 1 ) are rough subsets of X are defined as 
following type: (A L ■ B L ~)(x) = 5up{m;"-n {A^CrJ, B L (x 2 ~), x t * x 2 = x}} for every x,x v x 2 EX L and 

(A v ■ B-^'ytx) = su.p{min{A u (x j ),B u (x 2 ~),x i _* x 2 = x}} for every x,x,,x 2 E X a ; A£ x (x) = A L (x~ L } for every x E X L 
and A^Cjc) = ^.(j: -1 ] for every x E X u ; C L *D L = [c * d: c E C L , d E D L } and C u * D u = {c * d:c E C u ,d E D a } and 
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C L - L = [c- L :c G CJ and C-J L = [c^-.c G C u }. 

Definition 4.6. Let (X*] be a rough group. Let Of, T) be a fuzzy rough topological space. A traid Of,*, 7] is 
called a fuzzy rough topological group if it satisfies the following conditions: (i) For all x L ,y L G X L and ^wJu E an d 
any fuzzy rough open Q neighbourhood W of the fuzzy rough point Pfj^y) — ^b^yi^^xtyl^) there are fuzzy rough open 
Q neighbourhoods U and V of = and ^ l = Uf L .lf a ), respectively such that ■ V Q W. (ii) For all x L G J £ 

and x L - G Z and any fuzzy rough open 2 neig hbourhoods V = Cl£.lft) of = (^-1,^-1) there exists a fuzzy 
rough open Q neig hbourhoods t/ofi^ 1 = (f^.f^J such that 

if" 1 c ^. 

Notation 4.1. FifC(F r J ^] be the set of all fuzzy rough continuous functions from (Y,S) to (Z,R). 

Property 4.1. Let &.S) be a fuzzy rough topological space, GT,* rr , i£l be fuzzy rough topological group and 
f.gs FRC<Y,Z-). If f.g G FfiC(V.Z), then f0 ff :(y,S) - (Z.fl) and Z" 1 :^^} - fc.fl) (/0 S )(y) = /(y) *" g(y) 
for every y G ¥ L and (/©fiXy) = /(y) *" g(y) for every y eV ff , /~ L (y) = (fty)} -1 for every yeF t and 
/ _i (y) = C/(y)) _L for every y G Y u are fuzzy rough continuous functions. 

Definition 4.7. Let X be a rough set, r G [0,1] and r " = (r^ rj> E FflSfJ) . For all * e I L and * e J CT , r/Ge) = r 
and TjjGcJ = r defined by r* = (r,r] which is fuzzy rough set and T subset of FRS(X). If T satisfies following conditions, 
then T called a fully stratified fuzzy rough topological space : (i) r* G T (ii) If A, B G 7 then >J fi 5 G T and iii) If 
^ G T for all je/ then U J Ej Aj G 7. 

Property 4.2. Let (r, 5] be a fully stratified fuzzy rough topological space and (Z,*",R~) fuzzy rough topological 
group. Then the pair (FSC&, Zj. 0} is group. 

Property 4.3. Let &,S)be a fully stratified fuzzy rough topological space and (Z,*", if] fuzzy rough topological 
group. If (2..*"] is abelian group, then (FR C (Y, Z), 0] group is abelian too. 

5. FUZZY ROUGH SHEAF 

Let Of, 7] be a fuzzy rough topological space as base set. Then it can be constituted a pointed fuzzy rough 

topological space with the same homotopy type for any fuzzy rough point G FRS(X~). Furthermore (Z,*",if] 

fuzzy rough topological group with base fuzzy rough point Ff G FR5(Z~). Then it is denoted by (_Z,*" If (Z,* n , 

is any fuzzy rough topological group, then the fuzzy rough set of fuzzy rough homotopy class of homotopy maps 
preserving the base fuzzy rough points from (jf, ij 1 ) to (z,* rr , JJ 1 ), with respect to the fuzzy rough continuous base point, 

will be denoted by 

H a = (H^H^) = [(Xi>i),(zV',/>/)] ={lf]pi\f (XJJ?) - {Z.*".P*). f(P*) = Pf-f fu zzy rough continuous}. In addition 

Oforoi ±x f ° r 6Very 

x G ^ and ^Oflj^) = {I f f 2 ^ ~ * for every x E X u . 
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Property 5.1. Let f.g £ FRC (Or. pJ). (z.»".pj) then the fuzzy rough function (/Os>0c) = /Oc) *" g(x) for all 
i G X L and (/0s) Of] = fix) *" gix) for all x G J preserves the base point. 

Corollary 5.1. We can write [flrf ■ [filpJ = [f&glp* G [(X P^), (zy, P/)] for every 

Property 5.2. If (X.Jjf*) pointed fuzzy topological space, (Z/f", p/) pointed fuzzy rough topological group, then 
([(XpJ^Cz^pJ)]/] is a g rou P- in addition to that such a groups are also different from each other. 

Property 5.3. Let (X, P£) pointed fuzzy topological space, (Z,* r ',p/) pointed fuzzy rough topological group. If 
group is Abelian, then (H C .A group is abelian. 

Definition 5.1. Let X be a rough group and G = i.G L , C7 L be a fuzzy rough set in X with the membership function 
Pg — (i l G L 'l i G I1 ~) Then G is a fuzzy rough group in X iff the following conditions are satisfied. 

ftf L (*>0 >mm{^ L (.x),si eL (yy} for every x,y E X L and f^foO > minO^Cx},^^} for every x,y <E X u 
and fi^Cx -1 } > fi Sl (x) for every -r E X L and ^fx -1 ) > fi s Jx) for every iE^. 

Property 5.4. Let (X,P^) pointed fuzzy topological space, (Z^'.P^) pointed fuzzy rough topological group, then 
H * = [(X ^)' is fuzz y rou g h group on X. 

Let us denote by H the disjoint union of the fuzzy rough groups [(^..P^ 1 ), (X*",P/)] = # c obtained for each 
P£ EFRS(X}, pointed fuzzy rough topological space, i.e. (H L ,H U ~) =UpJ Ej7asm [(X, P£l (z,*", P/)] =U H a . 

Thus H is a fuzzy rough set over FRS(X). Let us now define a function ljf.H -* Ffl£(X) as [/V G =? 3 a = (a^ cs y } E Jf 
such that [/]^ G H a E =? = P* G FF5(X>. For n„ = (o^, G X arbitrary fixed point, W = IV (P^) is 

fuzzy rough open Q neig hbourhood of F^ n in FRS(X). Define a mapping s: IV - fl as follows: If Pj a G FRSfj) then there 
exists # £q rough group in H. Let \f\ p i be the homotopy class in the rough group H aa . If Ff is any fuzzy rough point in W, 

then (x,P^)and (_X,P£^)axe having the same homotopy type. Therefore, there is a homotopy equivalence function, 

Hence 

From diagram functions / and <t>, is fuzzy rough continuous and base point preserving, f ° composition is 
fuzzy rough continuous, too. In addition this composition is fuzzy rough preserves the base point, that is 
(/ *0(ff ) = /(^Or 1 )) = f(f£ a ) = J/ M = p € 1 Hence [h] p x G H t is a homotopy class of function f ° #„ = fc. 
In that case we can define s function as follows: s: IV -> /f.,s — s(P^) = for every Pf 1 G IV, 
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In this way s is well defined. Therefore for all E W, (iff □ s)(p?) =y(s(f£)) = ^{[h] p i) = P? , then 
^°s = I w . Hence we can write sGV) = Vp£ EW [b-lpi- 

Remark 5.1. Let us denote the totality of the mapping s defined on W by T(W,H'). 

Define s(W) as an fuzzy rough open set, then it can be easily shown that the 
$ = [s(W'):W = WiP§ QFRS(X~),s E VQtf.H)} family is fuzzy rough topology base on H. Thus H is a fuzzy rough 
topological space. To show that ty:H -* FRSOO is locally fuzzy rough topological mapping. If E H then 

y>([h]pA} = P£ . Therefore there is a function s: IV -» H such that s{p?) = [h]^, Ff E IV = lV(i^„). Let us assume that 

s(W) - R([k] P £>Md Mr = 

• The function = ^\r'-R — * W/ is injective. Because for any Lsl^ E if = s(lV) there are the fuzzy rough 
point if respectively in W such that s(f£) = [g]^ = [/ □ S]^, s(i^) = =[/ D *] p j L If 

v>* ([g]^J = r (w^) then (^Os 1 )) = r =p r (t/ ° *]^) = v>* ([/ - * r ']^) => # = *f ^ 

a = t where a, = (a L , a u }, t = (t LJ t b -~). Since (_X..P£) with (_X,P?) is same homotopy type, we can write the 
following equality, * - => / * / ° => [/ ■ - [/ °* r ]^ =? [fl]p£ - [h] F £- 

• The function if/* = iplx. R ^> W is fuzzy rough continuous. In fact, if [h] F A E R = s{W} then 
Vr*([ft]pj) = if/ E IV and V=V(f£) <=lVis a g neighbourhood of Then *G0 c if = s(lV]is g 
neighbourhood of [h]^ and ^'(s^)) = V <= IV, ^* is fuzzy rough continuous. 

• IV'*} -1 = (^Iji) -1 = s:W -> if = s(lV) is fuzzy rough continuous. In fact, if if/ is any fuzzy rough point of W, 
s(p£) = [h] F x E if' and if' = if(if/) c if is a fuzzy rough Q neighbourhood of [h] p A, then fy| H )tif') c W is 

fuzzy rough Q neighbourhood of F/ in W and s(jp\ B ")fjl'] = if' c if. Therefore (V-'*} -1 is fuzzy rough 
continuous. From this, we can conclude that the following Definition 5.2. 

Definition 5.2. Let (2,*", if] be fuzzy rough topological group and let (X J 3 /) be pointed fuzzy rough topological 
space which have same homotopy type. If for every if/ G FRSQO , H = (.H L ,H U ~) =U F A EF , RS fjfl 

[(X,i^X {%.*". Ff ')] =U if c and -» FRSQO is a function such that t/t ([/j]^ ) E if then there exists a fuzzy 

rough topology on H such that Tp is a locally fuzzy rough topological mapping with respect to this fuzzy rough topology. 
Thus the pair (if, ip) is called/wzzy rough sheaf on FRS(X). 

Definition 5.3. The group [(X.tft), (Z,*",l£)] = t/.- -1 ^] is called the stalk of the fuzzy rough sheaf on FRS(X) 
and is denoted by H f a for every a E Jf. If if/ G FflSCD is an arbitrary fixed fuzzy rough point, then there is 
IV = IV (if/) an fuzzy rough open g neighbourhood of if/ an d function s: IV -» if such that 5 is fuzzy rough continuous 
and ° s = i ;t .-. Hence the function s is called section of H over W, is denoted by T(W, if). 

Property 5.5. Let the set of all sections of H over W is T(W,H') we can define 
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(s L © = s l {f£) ■ s 2 {l£) = [h]pi ■ [gjpA = [h® g] p A for any s v s z G ["(W.H). Then (TCH^/O,©) is a group. 

Hence (H , t/;] is an algebraic sheaf. 
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